A shearing zonal flow of viscous fluid near a boundary perturbation can generate vortices that either remain attached near the boundary or detach to be abruptly carried downstream. At low speed a stationary attached vortex develops downstream from the perturbation. At higher speeds an array of traveling vortices forms, with successive rolls rotating in opposite directions. This report presents a quantitative explanation of vortex generation. We consider a setup that leads to a straightforwardly analyzable, Schrödinger-type equation. In the case of bloodflow through arteries the aforementioned traveling vortices are detectable as oscillations in the 1-100 Hz range. The detection of such oscillations is simple and is used to diagnose arterial stenosis. DOI: 10.1103/PhysRevE.72.067303 PACS number͑s͒: 47.32.Ϫy, 47.27.Cn, 47.60.ϩi, 87.19.Uv Numerous studies have examined the genesis and evolution of vortices near a bluff body or boundary perturbation. There remains an interest in understanding vortex streets, turbulence and noise in fast moving fluids for applications to astronomy, engineering and medicine ͓1-3͔. Numerical modeling of pulsatile flow in arteries reveals qualitative differences between harmonically-forced flows and the unidirectional flow produced by the heart. Indeed, Liao et al. ͓4͔ have shown that since the aortic heart valve acts as a diode to the flow, new vortices can only travel downstream from a boundary perturbation. These fluid disturbances, when acting inside a distensible tube, will create traveling pressure waves that hold important information on the arterial-boundary perturbation ͓5͔.
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In this paper we study 2D laminar flow through an analytic narrowing ͑stenosis͒ in a channel. We analyze a setup that, depending on parameter values, exhibits stationary as well as traveling vortices. Stationary vortices remain attached to the stenosis. Traveling vortices flow down the channel and form an oscillatory "street." The key step in our analysis is the transformation of the fluid equations to a Schrödinger-type equation. Subsequent spectral analysis then reveals both the traveling and the stationary vortices. We derive conditions for the occurrence of both types of vortices in terms of geometry, boundary shear stress and Reynolds number. We will show that a sufficiently large boundary vorticity layer is required for stationary vortices and that a sufficiently high Reynolds number with a boundary shear stress is required for traveling oscillatory solutions.
We consider 2D, viscous, incompressible, quasi-uniform vorticity flow ͓1͔,
where 0 is the kinematic viscosity. The velocity field q ជ = ͑u , v͒ is computed from the stream function ͑x , y , t͒ as u͑x , y , t͒ ‫ץ−=‬ y and v͑x , y , t͒ = ‫ץ‬ x ͓6͔. The stream-vorticity Jacobian in Eq. ͑1͒ is defined as
The ͑complex͒ flow domain is
where ͑x , y͒ is a harmonic function, defined below.
To simplify the flow domain, consider the conformal transformation from z = x + iy to = + i, defined by
͑5͒
which is singular only for ͑x , y͒ = ͑0, ± p͒. If h Ͼ 0 is the halfwidth of the channel, then for m Ͻ 0,͉͉ Ͻ 1 and ͉y͉ Ͻ p, the region contains a single pair of bumps ͑stenoses͒ near the origin, located at ͑x , y͒ = ͑0, ± y 0 ͒ where
In the case of shallow perturbations, p ӷ y 0 , we can use the approximation y 0 Ӎ he −͉m͉ Ӎ p 2 / ͑6͉m͉͒, where is the curvature of the perturbation at ͑x , y͒ = ͑0, ± y 0 ͒. An examination of the boundary geometries in Fig. 1 shows that 2h is the width of the channel, and m and p set the depth and the broadness of the stenosis, respectively.
In Ref. ͓4͔ a simple Gaussian "hump" was put inside a cylindrical tube. The resulting equations were such that they could only be studied numerically. Our "Gaussian inspired" conformal transformation ͑5͒ may appear more complicated. However, after carrying simple laminar flow through this transformation, we will face analytically manageable equations. Unlike the ones in ͓4͔, our boundaries return to the reference width, ͉y͉ = h, at finite positions, cf. Fig. 1 . The transformation ͑5͒ has a Jacobian J ϵ ‫͑ץ‬ , ͒ / ‫͑ץ‬x , y͒ given by
So J is real-analytic in both the x and y coordinates, and J = h 2 + O͉͑x͉ −2 ͒ as ͉x͉ → ϱ. The Jacobian J is used to transform the operators in Eqs. ͑1͒ and ͑2͒ as follows:
From Eqs. ͑4͒ and ͑5͒, the new channel region, D , , has width 2, defined so that −ϱϽ Ͻϱ and −1 Ͻ Ͻ 1. With the PHYSICAL REVIEW E 72, 067303 ͑2005͒ geometry simplified, a spectral analysis over the flow domain becomes an easier problem to handle. Vorticity, which is a measure of local rotation in the fluid, is assumed to be immersed in a zonal flow with mean speed U 0 . The Reynolds number is defined as R 0 = hU 0 / 0 . We look for a simple-harmonic vortex time response, with angular frequency 0 ͑similar to the pressure amplitude p 0 in equation ͑12.26͒ of ͓3͔͒, and include an exponential-translation factor:
The vorticity amplitude W͑ , , t͒ vanishes very quickly along the channel ͉͉ → ϱ and is assumed to be a sufficiently smooth function on D , ϫ ͓0,T͔ for some time period T Ͼ 0. Substituting ͑9͒ into Eq. ͑1͒ gives the equation for the vorticity amplitude,
͑10͒
Note that, via Eq. ͑2͒, the first term on the right-hand side gives a quasilinear coupling to the flow field. This coupling also constitutes an unavoidable nonlinearity. To examine Eq. ͑10͒ on D , , first consider a uniform background zonal flow in -coordinates,
where the magnitude of the mean flow speed U 0 is constant.
Substituting 0 for in Eq. ͑10͒ and taking W͑ , ͒ to be time independent, we obtain a linear eigenvalue equation,
This is a Schrödinger-type equation that we will hereafter refer to as the Schrödinger-vorticity equation. The real part of i must be negative, by positivity of J. The real part of 0 gives the frequencies that we will study below. Of course, the vorticity amplitude W must satisfy boundary conditions on ‫ץ‬D , and as → ± ϱ.
To model the vorticity near a boundary layer we impose the conditions ‫ץ‬ W͑ , ±1͒ = 0 and ͉W͉ → 0 as ͉͉ → ϱ. To obtain the modified flow field 0 + 1 we also need to solve, from Eqs. ͑2͒, ͑9͒, and ͑11͒, the Poisson equation,
with the imposed boundary conditions, 1 ͑ , ±1͒ = 0 and ͉ 1 ͉ → 0 as ͉͉ → ϱ, to ensure that no new fluid flows into the domain. In obtaining Eq. ͑13͒, the time dependence e i 0 t is ignored, assuming that a steady state has been reached for W.
Consider i R and define the bound-states potential,
which is smooth and short-ranged, i.e., ͉V b ͉ = O͉͉͑ −2 ͒ for large ͉͉. Substituting ͑14͒ into Eq. ͑12͒ the Schrödinger-vorticity equation becomes
For square-integrable eigenfunctions W in Eq. ͑15͒, i must be in the interval (−͑R 0 /2h͒ 2 ,0). Then, by standard selfadjoint operator theory, eigenvalues will exist for R 0 and −i real, positive and sufficiently large ͓7͔.
Solving for the eigenvalues of Eq. ͑15͒ with spectral methods is now straightforward. To study basic physical aspects of this equation, we assume a thin channel and express the approximate eigensolution as W͑ , ͒ = W * ⌽ b ͑͒sin͑ /2͒ with normalization condition: max͕⌽ b ͖ = 1. The midchannel double-well potential is defined to be U b ͑͒ϵ−V b ͑ ,0͒. Example profiles are plotted in Fig. 2 .
Equation ͑15͒ is now a 1D eigenvalue problem:
where b ϵ −ih 2 and E b ϵ b − ͑ /2͒ 2 − ͑R 0 /2͒ 2 . We solve for the ͑symmetric͒ ground state, with ͑negative͒ eigenvalue E b , using matrix elements. The Reynolds number is then given by the expression R 0 =2ͱ b − E b − ͑ /2͒ 2 . Determining the coupling parameter b from R 0 is well-defined, but not explicit.
From the Poisson equation ͑13͒ we obtain 1 ͑ , ͒. It is because of the translation factor e ͑R 0 /2͒ that separation occurs downstream. Figure 3 indeed shows how, after passing over the stenosis, there is a separation of the vortex from the downstream flow. Such separation occurs only for sufficiently large W * . The parameter W * = max͉e ͑−R 0 /2͒ ͑x , y ,0͉͒ represents the maximal outer wall stress which occurs a little distance downstream from the peak of the stenosis ͓6͔.
Using a numerical shooting program ͓8͔ we simulated Eqs. ͑1͒ and ͑2͒. The spectral method, cf. Eqs. ͑13͒ and ͑15͒, was used to obtain stationary solutions. Results are depicted in Figs. 3 and show good agreement. Figure 2 represents the potential in the middle of the channel. From Eq. ͑14͒ it can be seen that the wells get deeper when moving away from the middle of the channel. The ground state thus gets pushed towards the boundaries and that is why a stable stationary vortex materializes.
For the study of traveling vortices we reconsider the Schrödinger vorticity equation ͑12͒ with the assumption that Re͑i͒ Ͻ 0 and Im͑i͒ Ͼ 0, and use a decomposition of the vorticity amplitude in a neighborhood of the saddle point ͑0,0͒ for the Jacobian J. Numerical solutions suggest a separation of variables in the form W͑ , ͒ = ⌽ r ͑͒sinh͑B r ͒ + ␦W͑ , ͒ ͓9͔. Here B r is a slip parameter for the perturbed contribution to the flow, i.e., B r → 0 + for nearly parabolic profiles, whereas B r → + ϱ for negligible boundary shear stress flows. Making the substitution into Eq. ͑12͒ and neglecting ␦W leads to a 1D complex eigenvalue problem for ⌽ r ͑͒. Indeed, for m Ͻ 0, define the resonance potential:
with h 2 J͑0,0͒ = e 2͉m͉ . We are led to the eigenvalue equation,
where E r ϵ −ih 2 e −2͉m͉ − ͑R 0 /2͒ 2 is a complex eigenvalue. Note that the resonance potential has a saddle-point at ͑0,0͒ where V r = 0. In particular, the behavior near the origin is
Here A r is a concavity parameter for V r . For the shallow perturbations ͑cf. Eq. ͑6͒͒ we have A r Ӎ p 2 2 / ͑6͉m͉͒ Ӎ͑h / e ͉m͉ ͉͉͒Ӎ y 0 ͉͉ for p ӷ y 0 . The quantity y 0 ͉͉ characterizes the perturbation in that it is the ratio of the crosssectional width and the radius of curvature.
To asymptotically solve Eq. ͑18͒ let ⌽ r ͑͒ӍW ** ͑͒, where ͑͒ solves the 1D eigenvalue equation:
with normalization ͐ −ϱ ϱ ͉͉ 2 d = 1, so that W ** is the steady state amplitude of the disturbance. The harmonic oscillator problem in Eq. ͑20͒ has no solution if Im͑i͒ 0. To obtain square integrable solutions we need to scale the spatial coordinates: → e , ‫ץ‬ → e − ‫ץ‬ for complex ͓10͔. The function and its derivatives are changed from , Ј, and Љ to = e /2 ͑e ͒, Ј= e −/2 Ј͑e ͒, and Љ= e −3/2 Љ͑e ͒, respectively. To facilitate the discovery of solutions, write i =− r e −i␤ r , where the quantities r R + and ␤ r ͑0,2͒ are to be determined by the scaled eigenvalue problem. From Eq. ͑20͒ we find − e −2 Љ + ih 2 A r e 2 2 = ͓B r 2 + E r ͔ . ͑21͒
An optimal choice for the complex-variable rotation is = i͑␤ r + ͒ / 4. Indeed, multiplying Eq. ͑21͒ by e 2 * and then integrating in over ͑−ϱ , ϱ͒ gives
Here we normalize with ͐ −ϱ ϱ ͉ ͉ 2 d = 1. Requiring the imaginary part of Eq. ͑22͒ to vanish and assuming cos͑␤ r /2͒ 0 leads to an identity involving the eigenvalue, the Reynolds number and the slip parameter: with k = 0,1,2,…, from which we can solve for sin͑␤ r /2͒ and obtain, using Eq. ͑23͒, the discrete family, .
͑28͒
The coefficient ͱ ͉m͉e 2͉m͉ / p is a shape-size parameter that approximately equals ͱ 6h. The coefficient ͱ 6/4 Ӎ 0.195 is called the Strouhal number and is typically obtained from experimental observations. It is, for instance, found to be 0.212 for uniform flow around a cylindrical obstacle ͓8͔. All else being equal, the wave number f / U 0 is constant at large R 0 , cf. Fig. 4 . We conclude that oscillations will occur only for A r Ͼ 0 and R 0 Ͼ ͱ e 2͉m͉ A r +4B r 2 . In particular, for the case of no slip ͑B r =0͒, any R 0 Ͼ e ͉m͉ ͱ A r will produce waves for any perturbation A r Ͼ 0. However, the frequency vanishes as A r → 0 + . Conversely, in the case of negligible boundary shear stress, i.e., near perfect slip ͑B r → + ϱ͒, a very high Reynolds number is required to initiate oscillations.
Cardiac physiologists have been aware for centuries that murmurs ͑also known as "bruits"͒ occur in arteries with a sufficiently large stenosis ͓11͔. To our knowledge, the above results constitute the first analytical description, based on elementary fluid mechanics, for how such murmurs arise.
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